We study the effect of an exchange interaction on the magnetic field dependent photoluminescence in singlet fission materials. We show that for strongly interacting triplet exciton pairs (intertriplet exchange interaction greater than the intratriplet spin-dipolar interaction), quantum beating and magnetic field effects vanish apart from at specific magnetic fields where singlet and quintet levels are mixed by a level anticrossing. We characterize these effects and show that the absence of a magnetic field effect or zero-field quantum beats does not necessarily mean that fission is inoperative. These results call for a reconsideration of the observations that are considered hallmarks of singlet fission, and demonstrates how the spin coherence and exchange coupling of interacting triplet pairs can be measured through magneto-photoluminescence experiments.
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I. INTRODUCTION
Magnetic field effects have been instrumental in understanding a range of phenomena in organic materials, 1 from charge transport and recombination in organic semiconductors, 2-6 to mechanisms of avian navigation.
7
Of pivotal importance to the field of organic solar cells were pioneering early experiments on the changes in emission induced by a magnetic field in crystalline tetracene. [8] [9] [10] These experiments provided direct evidence for singlet fission -the splitting of one singlet exciton into two triplet excitons 11, 12 -and lay the foundation for the resurgent interest in this process as a means to boost the efficiency of solar energy harvesting.
13-15
Following these early developments, magnetic field effects have been a key tool in identifying and understanding singlet fission, both in disordered and crystalline materials 16, 17 and in photovoltaic devices.
18,19
In both early and recent work, the prevailing assumption has been that triplet pairs interact only weaklymore specifically, that the spin-dipolar interaction between electron and hole within a single triplet exciton (the zero-field splitting) dominates any spin-dependent interaction between the triplets, such as an exchange coupling. Under these conditions, magnetic field effects on photoluminescence or photocurrent will display a characteristic saturation when the Zeeman interaction from an external field is larger than the zero-field splitting interaction, 20 and observation of coherent oscillations in time-resolved photoluminescence experiments (quantum beating) is possible at zero magnetic field.
21
Motivated by the central role that triplet pairs play in utilizing fission, here we study the strongly interacting regime where intertriplet exchange coupling dominates the intratriplet dipolar interaction (which is typically ∼ 5 µeV for organic triplet excitons [22] [23] [24] [25] [26] ). We demonstrate the consequences of this for identifying and studying singlet fission, and show that this strongly interacting regime gives rise to a very different set of spin signatures than those usually assumed. Firstly we discuss steady-state magnetic field effects, which we note have also recently been independently invoked to explain magneto-photoluminescence experiments in 1,6-diphenyl-1,3,5-hexatriene, 27 before providing a detailed description of time-domain quantum beating: an unambiguous probe of strongly coupled triplet pairs. These effects provide a way of determining the exchange coupling and spin coherence time for interacting triplet pairs, and challenge the conventional use of low magnetic field effects as hallmarks of singlet fission. While we study effects in singlet fission materials, our results are also applicable to triplet-triplet annihilation in light-emitting diodes as well as in upconversion photovoltaics.
28-31

II. STEADY-STATE MAGNETIC FIELD EFFECTS
We start by considering the effect of a static magnetic field on the photoluminescence (PL) of a singlet fission material. The kinetic scheme [sketched in Fig. 1(a) ], follows the treatment outlined by Merrifield et al.:
A singlet exciton S is generated at rate G and can radiatively decay at rate γ r , or undergo fission to form one of the triplet-pair eigenstates |P i at rate γ + α i , where α i is the overlap between the singlet |S and triplet-pair spin wavefunctions:
The triplet pair can either reform the singlet exciton at rate γ − α i , or dissociate into free triplets at rate γ d .
The triplet-pair states {|P i } and hence their singlet projections {α i } are determined by the pair Hamiltonian whereĤ ex is the exchange interaction with coupling parameter J,Ŝ i = (Ŝ i,x ,Ŝ i,y ,Ŝ i,z ) are the spin operators for the two triplets (i = a, b),Ĥ i,zfs is the intratriplet zero-field splitting interaction, 32 with zero-field splitting parameter D, andĤ i,B is the Zeeman interaction from an external magnetic field B, where g is the Landé g-factor and µ B the Bohr magneton.
Solving the kinetic scheme (Eq. 1) using the wavefunctions {|P i } determined by the pair HamiltonianĤ gives the steady-state photoluminescence from the singlet exciton PL = γ r S. Assuming singlet fission is efficient so that it dominates radiative decay, i.e. γ + γ r , we arrive at
where a = γ r G/γ + and = γ − /γ d . Since the sum depends non-linearly on α i , changes in the triplet-pair eigenstates due to competition between different terms in the Hamiltonian lead to changes in the singlet projections {α i }, and hence a magnetic field effect. Note that determines the magnitude of the magnetic field effect, but does not influence the lineshape.) The emission shows a characteristic reduction and recovery with a characteristic field scale of ∼ D/gµ B , which is typically ∼ 50 mT for triplet excitons in organic semiconductors (i.e. D ∼ 5 µeV). [22] [23] [24] [25] [26] As described previously, 20 this behavior results from the competition between the zerofield splitting and Zeeman interactions which changes the spin projections {α i }, and hence the population of the emissive singlet state. shows the strongly exchange-coupled limit J D, which exhibits a very different behavior -a magnetic field effect only occurs at the specific fields which correspond to level anticrossings between the quintet and singlet manifolds [ Fig. 2(a) ]. At zero magnetic field, a strong exchange coupling means that all nine triplet-pair states have a well-defined spin multiplicity, forming singlet (S = 0), triplet (S = 1) and quintet (S = 2) manifolds (here S denotes the total spin). In other words, spin and energy eigenstates coincide. At finite magnetic fields, and away from the level anticrossings, the states retain their multiplicity since total spin remains a good quantum number. There is no change in the singlet projections {α i }, and hence no change in emission. However, when the Zeeman interaction compensates the exchange interaction, quintet states are brought into degeneracy with the singlet state. The zero-field splitting interaction mixes these states to form singlet-quintet mixtures |ψ
(|Q m ± |S ) where |Q m is the quintet state with spin projection m = −2 or -1. These mixed states do not have a well-defined spin multiplicity (α = 1/2 for both states): the singlet projections {α i } therefore change from their off-resonance values of α i = δ iS (where S denotes the singlet state), resulting in a dip in the emission.
These anticrossing resonances arise when the Zeeman energy matches the separation between singlet and quintet states at zero field. This separation has a contribution of 3J from the exchange interaction plus a contribution from the zero-field splitting. In the strongly coupled limit (J D) considered here, the zero-field splittingĤ zfs = i=a,bĤ i,zfs can be treated as a perturbation on the exchange interactionĤ ex , which gives an additional energy offset due to the zero-field splitting of Q m |Ĥ zfs |Q m for state |Q m . Taking this into account, the magnetic field positions of the level anticrossings B m are determined by mgµB m = 3J + Q m |Ĥ zfs |Q m . With an angle θ between the principal axis of the zero-field splitting tensor and B, we arrive at
The exchange coupling J can therefore be directly determined from the resonance positions. The magnitude of the effects shown in Fig. 2 (b) can be rationalized as follows. At zero field the singlet projections are α i = δ iS and hence PL(0) = a(1 + ). At the respective level anticrossings, we have α = 1/2 for the states |ψ 
With = 1, δPL(B m )/PL = −1/4, as seen in Fig. 2(b) . The widths of the PL resonances are determined by the zero-field splitting D since the mixing between singlet and quintet states is only effective when the separation between these levels |E(
, where E(ψ) = ψ|Ĥ|ψ . The width of the lower-field resonance at gµ B B 3J/2 is twice as narrow as the resonance at gµ B B 3J since the energy of the |Q −2 state shifts twice as fast with magnetic field compared to the |Q −1 state, and hence becomes detuned from resonance twice as fast as B is increased. Fig. 3(a) shows the dependence of the high field resonances on θ, the angle between the magnetic field and the principal axis of the zero-field splitting tensor. The two resonances show distinct behaviors as a result of the different way thatĤ zfs couples the two quintet states |Q −2 , |Q −1 to the singlet state |S
This angular-dependent coupling determines the degree of hybridization between singlet and quintet states which (c) Effect of inequivalent triplets on the magnetic field effect. By including an angle β between the two triplets, the particle-exchange symmetry is broken which allows an additional singlet-triplet level anticrossing to be observed at gµBB J. Simulations are shown for an amorphous average in which the two triplets are randomly oriented with respect to each other and the magnetic field. determines the singlet projections {α i }. These ultimately determine the PL through Eq. 3, giving rise to the angular dependence in Fig. 3(a) . For the resonance at gµ B B 3J/2 the coupling between |Q −2 and |S , and hence any magnetic field effect, vanishes for θ = 0, π, while for the resonance at gµ B B 3J, the sin(2θ) dependence of the coupling between |Q −1 and |S means that the effect also vanishes for θ = π/2.
The average of the magneto-PL over all orientations (powder average) is shown in Fig. 3(b) . This represents what would be measured in a sample with randomly oriented triplet pairs, and shows that the essential features of the crystalline case shown in Fig. 2(b) are preserved. The powder average has slightly reduced magnitudes of δPL/PL compared to the crystalline case due to the fact that the singlet-quintet mixing induced byĤ zfs is not effective for all angles [ Fig. 3(a) ]. The weaker angular dependence of the higher-field resonance at gµ B B 3J compared to the lower-field resonance at gµ B B 3J/2 leads to the slight asymmetry between the dips and means that δPL/PL for the higher-field anticrossing is closer to -1/4 than for the lower-field one.
When the two triplets in a pair are equivalent, i.e. when their zero-field splitting tensors have the same orientation and D values, and their exciton g-values are identical, the total HamiltonianĤ is symmetric under interchange of triplet excitons. This means that the pair spin eigenstates are either symmetric (singlet and quintet manifolds) or antisymmetric (triplet manifold) under particle exchange. 20, 34 The singlet-triplet level crossing at gµ B B/J 1 shown in Fig. 2 (a) therefore does not lead to a resonance -despite the degeneracy between |T −1 and |S ,Ĥ zfs cannot mix states with different symmetry. However, when triplets are inequivalent, this mixing becomes possible and this anticrossing can be observed. Fig. 3(c) shows the magneto-PL for triplets with the same D values but which are randomly oriented with respect to each other and the external field, i.e. a completely amorphous average. By breaking the particle exchange symmetry, singlet and triplet levels can be mixed, leading to an additional avoided crossing at gµ B B/J 1 and hence a resonant dip in the PL.
Note that morphologies consisting of rotationally inequivalent molecules (e.g. the herringbone structure found in crystalline tetracene) do not necessarily imply that the triplets are inequivalent. Provided the hopping rate between inequivalent sites is sufficiently fast i.e. τ
−1 hop
D mol / , where τ hop is the hopping time and D mol is the molecular zero-field splitting, each triplet will experience an average over these sites, and therefore be magnetically equivalent. 35 In addition, electronic coupling will be sensitive to the relative orientation of neighboring molecules, imposing constraints on the range of angles where singlet fission and triplet fusion are effective and thus filtering which molecular orientations contribute to the magneto-PL. 17, 36 The singlet-triplet anticrossing resonance in Fig. 3(c) provides a way of identifying to what extent fission and fusion are occurring between inequivalent triplets.
Conformational disorder could also lead to a distribution of exchange-coupling parameters. The anticrossing resonances would then become a weighted sum of the contributions from pairs with different J-values i.e. δP L →´δP L(J)g(J)dJ where g(J) is the distribution of J-values. The extent to which this will modify magnetic field effects will depend on both the level of disorder and also, as discussed above, how site-selective fission and fusion are.
We emphasize that the strongly interacting regime outlined here occurs when the exchange interaction is larger than the zero-field splitting, which is typically ∼ 5 µeV for organic triplet excitons. [22] [23] [24] [25] [26] This regime can therefore be reached for an intertriplet exchange interaction which is low compared to the ∼eV energy scale typical for the singlet-triplet exchange interaction within a single exciton. 37, 38 In our recent electron spin resonance experiments on a tetracene derivative, 39 we found evidence for exchange-coupled triplet pairs and estimated an upper bound of J/gµ B 36 T (i.e. J 4 meV), suggesting the high-field resonances outlined here might be amenable to experimental measurement. We also note that analogous hyperfine-mediated singlet-triplet level anticrossings have proven to be a useful tool to estimate the exchange coupling in radical ion pairs.
40
While we have studied the magneto-PL for a neat singlet fission material, the results outlined here also apply to the photocurrent in singlet fission solar cells, and nanocrystal emission in triplet-transfer systems, where magnetic field effects are often used as a test of whether singlet fission is operative. 14, 15, 18 In addition, these results are applicable to the delayed fluorescence from triplet-triplet annihilation in upconversion systems and light-emitting diodes.
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III. QUANTUM BEATS
We now consider the effect of a strong exchange coupling (J D) on the time-domain photoluminescence, in analogy to the weakly coupled scenario. 21, 41, 42 We find the time-dependence of the triplet-pair density matrix ρ(t) as a function of magnetic field by solving the following equation of motion
Here we work in the basis in which the total Hamiltonian is diagonal with eigenvalues { ω i }, ω ij = ω i − ω j , and γ S is the recombination rate via the singlet channel,
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withP S = |S S| the singlet projector. The curly braces denote the anticommutator. We solve Eq. 9 with triplet pairs initialized in a singlet state by fission i.e.ρ(0) =P S , and determine the singlet content of the triplet pair as a function of time P S = Tr(ρ(t)P S ), where Tr denotes the trace. Since the singlet content of a triplet pair determines their ability to recombine emissively, P S will therefore determine the photoluminescence. (For clarity, we assume that γ S is faster than spin decoherence and dissociation rates, which would feature as additional damping terms.) Fig. 4(a) shows P S as a function of time and magnetic field for J/D = 10 and γ S = ω D /10, where ω D = D/ . Coherent oscillations only occur at the level anticrossings shown in Fig. 2(a) and quickly die away from these positions. This differs markedly from the weakly coupled (J D) case where quantum beats occur at arbitrary magnetic fields.
16,21,42
The essential behavior observed in Fig. 4(a) arises as follows. As described in II, away from the level anticrossings a strong exchange coupling locks triplet pairs in an overall spin-singlet state. The singlet content of a triplet pair P S does not oscillate in time, and instead monotonically decreases as pairs recombine. At the level anticrossings however, the hybrid states |ψ
(|Q m ± |S ) are formed, separated in energy by the zero-field splitting: S . This arises from the fact that all triplet pairs recombine via the singlet channel [Eq. 9] .)
The angular dependence of the beat frequencies at the two magnetic field positions corresponding to the resonances is illustrated in Fig. 4(b) . This shows the Fast Fourier Transform (FFT) of P S , calculated by solving Eq. 9, as a function of θ and frequency ω, overlaid with the above analytic results for the beat frequencies. In analogy with Fig. 3(a) , this highlights the distinct angular dependence of the two resonances arising from the selection rules invoked byĤ zfs . Fig. 4(c) shows the dependence of the beat frequencies on the magnetic field for a fixed orientation (θ = π/4). Only two states are involved at each level anticrossing, and so we can restrict our ourselves to the relevant 2 × 2 subspaces (|Q m , |S ). At the respective anticrossings, the reduced Hamiltonian becomeŝ
where V m /2 = Q m |Ĥ zfs |S , defined in Eqs. 7-8. The beat frequencies ω m are determined by the difference in eigenvalues of Eq. 10
where δE m = E(Q m ) − E(S) and the B m are defined in Eqs. 4-5. These analytic results are plotted in Fig. 4 (c) along with the FFT of the numerical simulations. The numerics show that the visibility of the beats decreases as the magnetic field is detuned away from the resonancesa result of the reduced mixing between singlet and quintet states due to their increasing energy separation. This can also be seen from the eigenvectors of Eq. 10 which are given by |ψ give P S = (1 + The beats are preserved after averaging over randomly oriented triplets [ Fig. 5(a) ]. The visibility of the oscillations is lost more rapidly than for the crystalline case with the same parameters [ Fig. 5(b) ] since triplets at different angles have different oscillation frequencies and therefore become out of phase with each other. However, oscillations are observable over several periods even after this ensemble averaging. Note that since D sets the timescale of the beats, and also determines the effect of ensemble averaging on the dephasing, this preserved visibility is not dependent on the specific D or J parameters.
These high-field quantum beats provide a complementary set of experiments to the steady-state effects. Unlike the steady-state effects, which rely on a competition between dissociation and recombination, and hence vanish when triplets cannot separate, these time-domain experiments are sensitive to states which remain bound. (As described above, the time integral of Fig. 4(a) is fieldindependent.) We note that when the fission rate or excitation pulse is slow compared to ω D = D/ , beats will not be observable in transient PL since triplet pairs will begin their oscillations out of phase. However, levelanticrossing magnetic field effects would still be visible in the incoherent PL dynamics, and would allow this bound regime to be revealed without having to observe beats.
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For simplicity, we have assumed that recombination is faster than spin decoherence. However, when spin decoherence dominates population kinetics, the decay of the beating will be determined by the triplet-pair spin coherence time. This allows magneto-PL to be used to extract the spin coherence time for strongly-coupled triplet pairs, as has been successfully demonstrated for the weakly coupled case. 21, 41, 42 Furthermore, these beats provide an unambiguous way of verifying whether a steady-state magnetic field effect is due to a triplet-pair level anticrossing.
IV. CONCLUSION
We have studied the magnetic field effects arising from the recombination of exchange-coupled triplet pairs formed by singlet fission. When the exchange interaction between triplets exceeds the intratriplet dipolar interaction, a key observation arises -the magnetic field effects and quantum beating which are often used as hallmarks of fission vanish at all fields apart from those which bring singlet and quintet (and possibly triplet) levels into neardegeneracy. This means that strongly-coupled fission systems display no quantum beating at zero magnetic field and can display no magnetic field effect in the typicallymeasured range of B ∼ 0 − 0.5 T. The lack of a low (B < J/gµ B ) magnetic field effect, or zero-field quantum beats therefore does not necessarily imply that fission is inoperative and calls for a re-evaluation of what are considered the spin signatures of singlet fission. Our results demonstrate how the spin coherence and exchange coupling of interacting triplet pairs can be measured through magneto-photoluminescence, and could be particularly important for singlet fission dimers [44] [45] [46] [47] where excitonic confinement may lead to strong interactions. Finally, our recent estimate of J/gµ B 36 T in a singlet fission material 39 suggests that the high-field resonances outlined here may be accessible experimentally, and that level anticrossing experiments could be important for studying molecular photovoltaic systems.
